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Abstract 

We use the infrared consistency of one-loop amplitudes in A/" = 4 Yang-Mills theory to derive 
a compact analytic formula for a tree-level NNMHV gluon scattering amplitude in QCD, the first 
such formula known. We argue that the infrared conditions, coupled with recent advances in 
calculating one-loop box coefficients, can give a new tool for computing tree-level amplitudes in 
general. Our calculation suggests that many amplitudes have a structure which is even simpler 
than that revealed so far by current twistor-space constructions. 
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I. INTRODUCTION 



Gluon scattering amplitudes in Yang-Mills theory have many remarkable properties. Wit- 
ten discovered that they are localized on curves in twistor space and proposed an inter- 
pretation for this fact in terms of a twistor string theory. There has been great success 
in calculating tree-level L7| amplitudes using twistor-inspired technology, 

including the construction of a one-line (though implicit) formula for the complete tree-level 
S-matrix J^. 

Twistor string theory led in Q to the development of a set of diagrammatic rules for the 
calculation of tree-level amplitudes which are far simpler than standard Feynman diagrams. 
Nevertheless, there is reason to believe that the formulas generated by the CSW rules grow 
in complexity much more quickly than the underlying amplitudes do. In this paper we report 
a compact analytic representation for the simplest NNMHV amplitude 
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which otherwise would require summing 44 CSW diagrams to write down j^. Previously, 
no such compact expression was known for any NNMHV amplitude. The " -|- flip" denotes 
that this full expression should be added to its image under the operation which relabels 
i ^ 9 — i and simultaneously exchanges ( ) and [ ] . 

Gluon scattering amplitudes are obviously of phenomenological interest as they are the 
basic building block for computing QCD backgrounds to jet production. From a theoretical 
standpoint, perhaps the most interesting fact about the formula (0) is that such a compact 
representation of this amplitude exists at all. The existence of this formula suggests that 
there is hidden structure and simplicity underlying tree amplitudes even beyond what the 
CSW rules expose j^. Moreover, the formula is much simpler than we had any right 
to expect, given the procedure used to compute it. Rather, ((T)) hinges upon the miraculous 
cancellation of a large number of terms, which at the moment we cannot explain. The lesson 
we would like to draw from this exercise is that there still is a lot to learn about the structure 
of Yang- Mills amplitudes, even at tree-level, and in particular that CSW is not the end of 
the story 
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Recently there has also 
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3een much progress on the computation of one-loop amplitudes 
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25|, |26|. In particular, a prescription 



has recently been developed j2^ for calculating the coefficient of any one- loop box function 
in the A/" = 4 theory, based on the notion of generalized cuts 0, 0, [l^ lll| (in this case, 
quadruple cuts). One- loop amplitudes have infrared (IR) singularities, and the leading 



singularities are proportional to tree amplitudes in a way that we review below. Enforcing 
this fact may provide, as pointed out in IjJ, new and more compact expressions for tree- 
level scattering amplitudes. We derived the tree-level formula (0) by computing several box 
coefficients appearing in the one-loop amplitude corresponding to (P) and then reading off 
its IR singularity. In the next section we review the necessary ingredients and discuss a 
couple of strategies for maximizing the efficiency of this kind of computation. 



II. TREES FROM LOOPS 



The set of dimensionally regularized integrals which can appear at one-loop has been 
completely classified. Any n-gluon partial amplitude in (4 — 2e)-dimensional A/" = 4 SYM 
theory can be expressed in terms of (^) box functions Bn{i,j, k, I): 



^n;lloop = iCr{f^'^y'^Cn;ijklBn{i,j,k,l), Cr 



1 r(l + e)r2(l 



(2) 



(47r)2-^ r(l - 2e) 

where /z is a renormalization scale. The box functions are completely known (but com- 
plicated) functions of the momenta pi of the n gluons. Therefore the decomposition 
reduces the problem of calculating any one-loop amplitude to the problem of calculating the 
(relatively much simpler) box coefficients Cn-ijki, which can depend on the momenta as well 
as the helicities of the n gluons. 

The box functions are typically transcendental functions of the momenta (involving log- 
arithms and dilogarithms) . They are most conveniently labeled [2^ by a set of distinct, 
ordered indices k, I chosen from the set {1, . . . , n}. For example. 
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The indices indicate the four external legs which immediately follow (in a clockwise sense, 
conventionally) the four internal propagators in the corresponding box integral. Explicit 
formulas for all box functions can be found in any standard reference, and we will not 
repeat them all here but rather provide (jH)) as an illustrative example for what follows. 
Each box function contains 0{1 / e) terms of the form — ln(— ')/ e for various i and r, with 

le Cp(l/e) IR singularity in any one- loop amplitude 



coefficients 0, ±1 or ±|. Meanwhile^^ t 



is known on general grounds to be 
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One constraint on the box coefficients is that they conspire in such a way that the IR 
divergences in the box functions combine together so that this equation is satisfied. A set 
of n{n — 3)/2 linear equations, n of which involve the tree amplitude, can be deduced by 
equating (0) to (jD) and reading off the coefficients of the various — ln(— )/e poles. 

It is likely that in many cases, the IR equations implied by allow one to write down 
explicit formulas for tree amplitudes where none was previously known, or to write down 
more compact formulas for previously known amplitudes. An example of the latter is the 
remarkable formula 
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which follows from the collinear limit of a three-term representation of the seven particle 
amplitude A(l^ , 2^, 3^, 4+, 5^, 6^, 7^) found in using the IR equations for n = 7. 
A particularly compact formula which follows from (0} is 
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(6) 



for any i. This formula expresses an arbitrary tree-level amplitude as a sum of n — 3 box 
coefficients of the corresponding one-loop amplitude. For n = 8 we have verified that no 
linear combination of the IR equations allows one to extract the tree amplitude from fewer 
than n — 3 = 5 coefficients. We conjecture that this remains true for any n, so that © is in 
a sense the most efficient linear combination of IR equations possible. Of course, not all box 



coefficients are equally simple to compute, so in practice it may be worthwhile to consider 
a linear combination of IR equations which has a larger number of terms which are however 
individually simpler to compute. We will encounter an example of this in the next section. 



III. THE A(l-,2-,3-,4-,5+,6+,7+,8+) AMPLITUDE 

In this section we investigate the tree-level eight-gluon amplitude 

As = A{r, 2-, 3-, 4-, 5+, 6+, 7+, 8+), (7) 

for which no compact analytic formula was previously known. As a preliminary remark we 
note that possesses two commuting Z2 symmetries. One is the symmetry under the flip 
operation defined by 

= X(l ^ 4,2 ^ 3,5 ^ 8,6 ^ 7). (8) 

The other is a conjugation symmetry combined with a relabeling of the indices, which we 
will denote by 

= X(l ^ 5,2 ^ 6,3 <-> 7,4 ^ 8). (9) 

The bar over the X denotes the reversal of the helicities of the inner products, i.e. ( ) ^ []. 
In order to calculate we use the IR equations introduced in the previous section. 



combined with the new technology of [2^ for calculating one-loop box coefficients using 
quadruple cuts. In this approach, the coefficient of a box function is given by the product 
of the four tree amplitudes sitting at the corners of the box. This construction implies that 
the complexity of a box coefficient is indicated by the complexity of the tree amplitudes 
sitting at the corners of the box. Moreover, when coupled with the IR equations, it implies 
that various tree amplitudes satisfy recursion relations relating n-particle amplitudes to 
amplitudes with fewer particles. In general these relations are quartic, although we see that 
the choice © actually renders them quadratic since only two of the four corners involve a 
non-trivial lower-point tree amplitude. 



In particular, the simplest box coefficients are those which have an MHV (or MHV) 
amplitude on each corner, which is guaranteed to happen when each corner has fewer than 
four external legs. Let us refer to these as "(MHV)^ boxes". For n = 8, it turns out that 

n 

there is an almost unique j3j] linear combination of IR equations which expresses the desired 
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tree amplitude Ag in terms of the coefficients of (MHV)^ boxes only: 

iAs = X + F[X] + G[X] + F[G[X]], (10) 

where 

X = Xi = Ci236 + Ci346 + C1347 + -C2347 + C2367 + C2368- (H) 

Although it is intriguing that it is possible to express the tree amplitude Ag in a manifestly 
symmetric manner using only (MHV)^ boxes, it is not clear that (|Tn|) would provide the 
most compact representation of Ag. 

An alternate representation of Ag is given by the same formula ()lUp. but with 

X = X2 = Ci236 + C1237 + Ci246 + Cl247 + 2'^1258, (12) 

where we omitted a term C1256 which is easily seen to be zero by analyzing the holomorphic 
anomaly of the t^f^ cut. We have worked out all of the coefficients appearing in |T2|) . and 
the purpose of this note is to point out a most unexpected surprise: almost all of the terms 
appearing on the right-hand side of (jl2|) cancel (after summing over the Z2 x Z2 images 
in (fTUj) ). The only terms remaining are 

2 _ 2 _ 

^2 = --p04[^1236 - -p03l^l237> (13) 
f-l 1^2 ''I ''7 

where the 6's are partial contributions to the 1236 and 1237 integral coefficients. In partic- 
ular, they denote the following quadruple cuts: 
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which we computed using the methods of 24], giving 
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The 1236 and 1237 boxes each receive a contribution from a second hehcity assignment 
which we have not drawn here and which is not needed in ()13|) . The other factors appearing 
in (jl3|) are the usual conversion factors between integral coefficients and box coefficients. 
In fact, we have verified that X2 satisfies the non-manifest relation 

X2 + F[G[X2]] = F[X2] + G[X2] (16) 

which renders two of the terms in (jlUp redundant, as anticipated in (^J (where we use fiip to 
denote the composition F[G[ ]]). In conclusion, let us note that we have verified numerically 
that the formula agrees with the amplitude obtained by summing up the necessary 44 
CSW diagrams. As further evidence, it is rather straightforward to check that (Q) has all of 
the correct coUinear limits. In particular, it reproduces the simple three-term representation 



of the 7-particle tree amplitude found in 



3, 



as one might expect from taking the coUinear 



limits of the full box coefficients entering into the calculation. 
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A:M=p. + ...K+._iand = (fcfl)^. 
[31] Some savings could be achieved by writing down the amplitude from an 'intermediate pre- 
scription,' as outlined in 7]. Given the miraculous cancellations we observe in this paper, it 
is natural to wonder whether there is a similar cancellation between the terms appearing in 
such an expression, or between some of the 44 CSW diagrams. However, all of these terms 
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individually depend on an arbitrary reference spinor r] (which drops out of the full amplitude), 
and while it is likely that cancellations occur for certain clever choices of ry, is it not a priori 
clear how to choose n to maximize the cancellations. 

[3, T.. s..e.io.. .a. a.o .ee„ .a.e . Q, wM* appea... a. ... a..,e was . p„p»a«„„. 

[33] It would be interesting to see how many roots there are to the algebraic equations which de- 
scribe this amplitude as explained in J|. Perhaps there is some relation between the number of 
roots and the number of terms in the most compact expression possible for a given amplitude. 

[34] There is one other linearly independent equation with only (MHV)'* boxes: C1245 — C1258 — 
C1456 + C1568 = 0. However, the holomorphic anomaly in the tf'^ cut can be used to verify that 
all four of these coefficients are equal to each other (and nonzero), so this equation is not 
useful. 
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